We revisit the confinement-induced p-wave resonance in quasi-one-dimensional(quasi-1D) atomic gases and study the induced molecules near resonance. We derive the reduced 1D interaction parameters and show that they can well predict the binding energy of shallow molecules in quasi-1D system. Importantly, these shallow molecules are found to be much more spatially extended compared to those in three-dimension (3D) without transverse confinement. Our results strongly indicate that a p-wave interacting atomic gas can be much more stable in quasi-1D near the induced p-wave resonance, where most weight of the molecule lies outside the short-range regime and thus the atom loss could be suppressed.
Introduction. P -wave interaction is known to lead to intriguing quantum phenomena that are hardly accessible by pure s-wave interactions, such as the rich pairing mechanism in three-dimensions (3D) due to orbital degrees of freedom [1, 2] , the p+ip topological superfluid in two-dimensions (2D) [3, 4] and the Majorana fermion in one-dimension (1D) from the classic Kitaev chain model [5] . Given the highly tunable p-wave interaction via Feshbach resonance [6] [7] [8] [9] [10] [11] , the ultracold atomic gases emerge as a promising platform for exploring these p-wave phenomena. Nevertheless, the exploration of the p-wave effect in a 3D atomic gas has been largely impeded due to severe three-body losses near the usually narrow pwave Feshbach resonance [6] [7] [8] [9] [10] . Recently, a number of open-channel-dominated broad p-wave resonances have been found in boson-boson mixtures [11] , but still no clear evidence shows the losses can be well controlled [12] . Because of the atom loss, so far the experiment can only probe the low-temperature physics of a resonant p-wave gas in the quasi-equilibrium regime within very short time scale [8] .
Physically, the strong three-body losses near the pwave resonance of a 3D gas can be understood from the simple two-body bound state (molecule) property as follows. First, we write down the molecule wave function outside the interaction potential:
where m = 0, ±1 is the scattering channel, r is the relative coordinate and κ determines the binding energy E b = −κ 2 /(2µ) (µ is the reduced mass). For shallow molecules with κ → 0, the wave-function simply scales as 1/r 2 [see Fig.1(a) ], which is extremely singular at short distance and decays fast at long distance. In particular, it is not normalizable at r → 0, and in practice one has to set a finite short-range cutoff r 0 to enable the normalization [13] . Consequently, the two-body wave function * xlcui@iphy.ac.cn is highly localized in short distance [ Fig.1(a) ] and one can easily check that most of the molecule weight lies in the short-range regime r r 0 . Therefore, the molecules generated in the 3D p-wave resonance, even for shallow ones and open-channel-dominated ones, are very likely to decay into deep molecules due to the large wave function overlap, which cause severe atom losses in the three-body collision process. We note that this is an generic feature of high-partial-wave scattering with l ≥ 1, where the centrifugal barrier l(l + 1)/r 2 leads to a very singular and un-normalizable wave function, ∼ 1/r l+1 , at short distance.
In this context, we pointed out in an earlier work that the 1D geometry may solve the loss problem [14] . This is based on the following facts. Namely, in 1D there is no centrifugal barrier for p-wave scattering, and the two-body wave function experiences no singularity in the short-range regime except for a discontinuity due to the anti-symmetry requirement [14] . As a result, the shallow p-wave molecules near the 1D resonance can be much more extended [∼ sgn(z)e −κ|z| , see Fig.1(b) ] and thus can survive in the three-body collision into deep molecules. This makes the 1D system a promising one to suppress atom loss and meanwhile we explore the manybody physics in the presence of a resonant p-wave interaction. Nevertheless, we have to face the reality that in cold atom experiments all 1D systems are actually quasi-1D systems, which are generated by applying tight transverse confinements in 3D space. Such a quasi-1D system behaves as effectively 1D for long-range scattering but as 3D in the short-range regime [ Fig.1(c) ]. Therefore, the p-wave centrifugal barrier and the wave function singularity as 1/r 2 are still applicable to the short-range regime of two-body scattering in quasi-1D. It is thus an open question whether the pure 1D analysis can apply to the realistic quasi-1D system, which comprises the main motivation of the present work.
In this work, we study the p-wave scattering property of two particles in quasi-1D system. We revisit the theory of the confinement-induced p-wave resonance as studied in the literature [15] [16] [17] , and derive two effective 1D parameters, i.e., the p-wave scattering length and effective Schematics of the wave functions for shallow molecules in different geometries: (a) the radial wave function ψ(r) in 3D, (b) ψ(z) in pure 1D and (c) ψ(z, ρ = 0) in quasi-1D. Here r, z, ρ are respectively the two-body distances in 3D space, along 1D (longitudinal) and along transverse direction; r0 is the short-range cutoff. In panels (a) and (b), we show the typical lengths (horizontal lines with arrows), l3D ∼ r0 and l1D ∼ 1/κ, when ψ decays to half of its value at origin (r = r0 or z = 0). In panel (c), we mark the location of the transverse confinement length a ⊥ , which is the typical scale separating the short-range and long-range regimes with different asymptotic behaviors.
range, in terms of the 3D scattering parameters and the transverse confinement length. The effective parameters are shown to well reproduce the binding energy of shallow molecules near the 1D resonance. We further calculate the wave function weight of these shallow molecules outside the short-range regime, and find that it can be much larger than the same weight of shallow molecules in 3D without confinement. This means that, by squeezing the molecules transversely via confinements, more weight moves from the (3D) short-range to the (longitudinal) long-range regime. To verify this, we show explicitly how the molecule distribution changes as we gradually tighten up the transverse confinement. These results, which echo our earlier analysis of a pure 1D system [14] , can be practically meaningful as they strongly suggest that a resonant p-wave system is much more stable in quasi-1D than in 3D, at least in the open-channel dominated regime. Effective scattering in quasi-1D. We start by deriving the effective 1D parameters for p-wave scattering in quasi-1D. Given the transverse harmonic confinement with frequency ω ⊥ , the non-interaction Hamiltonian for the relative motion of two particles can be written as
2 , where ρ = (x, y) and r = (z, ρ) are the relative coordinates and µ is the reduced mass. For the p-wave interaction with three scattering channels (m = 0, ±1), we consider the typical case when the magnetic field is along the free direction (z). Thus only the m = 0 channel contributes to the induced interaction along z. In the literature, the induced p-wave resonance has been studied by different methods [15] [16] [17] . Here we utilize the Lippmann-Schwinger equation to write down the scattering wave function as
where φ n (ρ)(n = 0, 1...) is the eigen-state of the transverse harmonic oscillator with eigen-energy n = (2n + 1)ω ⊥ ; E = ω ⊥ + k 2 /(2µ) is the scattering energy with k 2 2µω ⊥ ensuring low-energy scattering in quasi-1D; and f is a quantity related to the two-body scattering matrix, which determines both the long-range and shortrange behaviors of ψ as showing below.
In the long-range regime (z → ∞), the wave function (2) is frozen at the lowest transverse mode: ψ → φ 0 (ρ) sin(kz) + f 1D sgn(z)e ik|z| , with f 1D = f φ * 0 (0). Taking f 1D = sin δ k e iδ k , ψ can be reduced to
where the phase shift δ k is related to the 1D scattering parameters via tan δ k /k = −l p (k) [14] , and finally we obtain
Note that here we have used the energy-dependent scattering length following 1/l p (k) = 1/l p − r p k 2 , where l p is the reduced 1D scattering length and r p is the effective range.
To extract l p and r p , one has to determine f 1D by considering the short-range behavior of ψ. For simplicity, we take ρ = 0 and z → 0 + , and the wave function (2) reduces to (up to a factor φ 0 (0))
Here 
where we use the energy-dependent p-wave scattering vol-
, with v p and k 0 are respectively the zero-energy scattering volume and the effective range in 3D. By combining Eqs. (4) and (6) and keeping up to the k 2 terms, we obtain the effective 1D parameters as
Equation (7) predicts the confinement induced p-wave resonance at a critical scattering volume:
We note that our results of l p (7) and v (c) p (9) are consistent with those obtained in Ref. [17] , but differ from Refs. [15, 16] where the effect of zero-point energy in E was not taken into account. Our result of r p (8), which includes both terms from the 3D effective range and from the renormalization of higher transverse modes, also differs from that of Ref. [16] . Bound state solution. From Eq.(6), we can solve the bound state with binding energy
2 /(2µ) < 0 through the transformations f 1D → ∞ and k → iκ, which gives:
On the other hand, we can also use the effective 1D parameters (7) and (8) to determine κ 1D from Eq.(4), which follows:
Note that Eq. (11) can also be obtained by the methods of interaction renormalization [14, 19] and boundary condition [20, 21] for 1D p-wave system. In Fig.2 , we show l p and the bound state solutions
Here we take a typical case of 40 K fermions near p-wave resonance with k 0 = −0.04a
(a 0 is the Bohr radius) [7] , and a tight confinement length a ⊥ = 50nm. We can see that the induced 1D resonance (l p = ∞) lies in the BCS side of the Feshbach resonance with a starts to deviate visibly from E b , which can be attributed to more and more higher traverse modes involved in the real molecule formation and thus the 1D framework breaks down.
Molecule wave function. Following Eq.(2), we can write down the wave function of the bound state as:
where N is the normalization factor. Considering the non-normalizability of ψ at short-range, we have set a short-range cutoff ±r 0 along z for the wave function normalization:
In the following, to facilitate the comparison with 3D molecule wave function [Eq.
(1) with m = 0], we have used the same normalization scheme [Eq. (13)] for both cases.
FIG. 3.
Contour plots of the 3D (first column) and quasi-1D (second column) molecule wave functions at κa ⊥ = 0.05 (a1,b1), 0.5 (a2,b2) and 1 (a3,b3). The wave functions are all normalized with a short-range cutoff r0 = a ⊥ /20.
In Fig.3 , we give the contour plots of the (normalized) 3D and quasi-1D wave functions in the (z, ρ) plane, by taking three different binding energies: κa ⊥ = 0.05, 0.5, 1. Here we set the cutoff r 0 = a ⊥ /20. It is found that in general the quasi-1D molecules are more extended than 3D ones with the same binding energy, and the comparison is even more obvious for shallow molecules [see Figs.3(a1) and (b1) ] with κa ⊥ = 0.05). Therefore, we see that despite the same short-range singularity (∼ 1/r 2 ), the quasi-1D wave function in the long range regime can be significantly modified by the transverse confinement. Especially, along the longitudinal z direction, the shallow molecule in quasi-1D [ Fig.3(b1) ] essentially follows the 1D structure and decays much more slowly than the 3D case [ Fig.3(a1) ]. This is consistent with the schematic plots in Fig.1 . As the quasi-1D molecules become deeper, the wave functions become less extended along z [ Fig.3(b2) and (b3)] and they share more similarity with the 3D molecules [ Fig.3(a2) and (a3)]. In this case, the molecules lose the 1D structure and many higher transverse modes come in to take the dominated role. The different structures of 3D and quasi-1D wave functions as shown above suggest that in the latter, more weight of the molecule stay outside the short-range regime. To see this explicitly, in Fig.4 , we show the weights of the 3D and quasi-1D wave functions in the range |z| > a ⊥ , respectively denoted as P 3D and P Q1D , as functions of κa ⊥ . We can see that for κa ⊥ ≤ 0.5, P Q1D is can be dozens of times larger than P 3D ; for instance, when κa ⊥ decreases from 0.5 to 0.05, P Q1D increases from 0.12 to 0.75, while P 3D stays a small value between 0.02 and 0.05. Therefore the comparison is remarkable. In the inset of Fig.4 we show that most of the contributions to P Q1D are actually from the lowest transverse mode n = 0, especially for shallow molecules. These results confirm that the quasi-1D geometry can indeed enhance the molecule occupation outside the short-range regime.
To gain more insight into the structure of molecules changed during the 3D to 1D dimensional crossover, in Fig.5 we fix the molecule binding energy κr 0 = 0.001 and show the molecule weight at |z| > 20r 0 (denoted by P Q1D ) as a function of a ⊥ . We can see that, as a ⊥ decreases from ∞ to 20r 0 , which corresponds to the system Here the length unit is r0, and the binding energy is fixed by κr0 = 0.001. The red dashed line at small a ⊥ and the blue dotted line at large a ⊥ respectively show the contribution from n = 0 mode (1D regime) and the 3D prediction (without confinement).
gradually evolving from 3D to quasi-1D, P Q1D gradually increases from a very small value (∼ 0.05) to a quite large one near unity (∼ 0.9). This shows that during the dimensional crossover from 3D to quasi-1D, the shallow molecules gradually accumulate more weight in the longrange regime. Combining with Fig.4 , a physical picture is that, by gradually squeezing the molecule through transverse confinements, more weight moves from the shortrange to the (longitudinal) long-range regime and the molecule is much more stretched in spatial space (see also Fig.4 ). In the extremely squeezed regime under tight confinements, the quasi-1D molecules are essentially contributed from the lowest transverse mode (red dashed line in Fig.5 ). In this limit our previous analysis based on a pure 1D system can be automatically recovered [14] .
Summary and discussion. In this work, we show that the shallow p-wave molecules in a quasi-1D system can be well predicted by the effective 1D parameters shown in Eqs. (7) and (8) . Importantly, these shallow molecules hold most of the weight outside the short-range regime, in contrast to those in 3D without confinements. These results may serve as a guideline for detecting shallow pwave molecules in quasi-1D atomic gas, which has not been achieved so far.
Meanwhile, our results strongly indicate that the pwave interacting atomic gas can be much more stable against three-body loss near the resonance in quasi-1D, as compared to 3D case, especially when the p-wave molecules are open-channel dominated. On the other hand, there could be another loss mechanism, such as the two-body ones due to the coupling between the relative and center-of-mass motions under the lattice confinement [22] or due to the relaxation to lower hyperfine state [6, 23] . So it still remains to see how the actual loss behaves in a realistic experiment. We note that a previous experiment detected the p-wave atom loss with transverse confinement [24] , but that was not in the effective 1D regime [25] . We hope this work can stimulate more studies on the exciting field of 1D p-wave gas, which can be a natural platform to host Majorana fermions in lattices [26] .
